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Abstract
The democratic mass matrix is an intriguing possibility for explaining the observed
fermion mixings due to its inherent hierarchical mass eigenvalues and large mixing angles.
Nevertheless, two of the three mass eigenvalues are zero if the flavor democracy is exact, in
obvious contradiction with the experimental observations. One possibility is breaking the
flavor democracy with anarchical perturbations as we proposed in an earlier work. However,
even within the first two generations, the charged fermion masses are also hierarchical which
may not be a coincidence. The democratic SL3 ×SR3 symmetry of the three generations may
first be broken down to an intermediate SL2 ×SR2 symmetry among the first two generations
to regulate the sequential hierarchies, followed by random perturbations, that generate the
correct size of all measured observables. Unique predictions for neutrinoless double beta
decay are also found.
1 Introduction
Both quarks and leptons have nontrivial mixing among the up- and down-type fermions, but
their mixing patterns are very different. While the Cabibbo-Kobayashi-Maskawa (CKM) ma-
trix of quark mixing is quite close to the unit matrix, the Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) matrix of neutrino mixing exhibits large mixing angles. This difference might be in-
dicative of some profound picture of the fundamental theory. Theoretically speaking, quarks
and leptons have the same charge assignment under the SU(2)L weak group but different under
the SU(3)c strong group and the U(1)Y hypercharge group. However, both SU(3)c and U(1)Y
are gauge groups and as such have little to do with flavor mixing. This might be true for
SU(3)c but the interplay between SU(2)L and U(1)Y leads to an important difference between
quarks and leptons. Namely, the lepton sector contains neutrally charged neutrinos while all
quarks are charged, even after electroweak symmetry breaking. Consequently, neutrinos can
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be Majorana type fermions and their mass terms can arise via the seesaw mechanism in the
presence of heavy right-handed Majorana neutrinos [1]. If all of the charged fermions exhibit
similar mixing matrix structures (Vu ∼ Vu ∼ V`, respectively), but neutrinos have a unique
mixing structure (Vν), it would be natural to observe VCKM ≡ V †uVd ∼ I while VPMNS ≡ V †` Vν
is quite different from the unit matrix I. Thus, we may have already observed evidence for
the seesaw mechanism, in addition to grand unification theory (GUT). The flavour mixing
paradigm considered here not only supports the seesaw mechanism, but also the existence of
heavy right-handed Majorana neutrinos, the GUT, and neutrinoless double beta decay.
A fundamental understanding of the exact form of the individual mixing matrices (Vu, Vd,
Vν , and V`) remains unknown. The many existing attempts can be classified into two main
categories: the top-down and the bottom-up approaches [2–6].
1. In the top-down approach, initially a full flavor symmetry is imposed on the fundamental
Lagrangian before being broken, providing predictions of the observed mixing angles. Note
that the full flavor symmetry has to be broken, otherwise the CKM (PMNS) matrix
becomes a trivial unit matrix since the left-handed up- and down-type quarks (leptons)
are in the same SU(2)L weak doublet and consequently are subject to the same flavor
symmetry and mass matrix structure. In this case, it is not obvious if the full flavor
symmetry really predicts the mixing pattern that arises after symmetry breaking and the
fermions obtaining mass. If the mixing pattern is truly determined by symmetry, it has
to be some residual symmetry that survives the symmetry breaking.
2. The bottom-up approach starts from residual symmetries, either assumed by ansatz or
reconstructed from the measured mixing matrices [7, 8]. The full flavor symmetry is then
reconstructed by taking a product group of the residual symmetries [9–11].
In either scenario, the residual symmetries control the mixing patterns of the quark and
lepton sectors [12–16], since the residual symmetries are the ones directly connected with the
mixing matrix. In particular, residual Z2 symmetries can predict unique correlations among
the mixing angles and the Dirac CP phase, which can be readily tested by neutrino oscillation
experiments. Similar correlations also appear when considering perturbed by anarchy pertur-
bations, in which the inherent SL3 × SR3 symmetry of democracy regulates [17] the otherwise
completely random anarchy model [18,19]. This improved version of the anarchy model with as-
sistance from residual symmetry takes advantage of the benefits from both residual symmetries
and random perturbations.
An intriguing feature of the democratic mass matrix [5,6,20–45] is its inherent mass hierar-
chy and large values of the θ12 and θ23 mixing angles. The corresponding democratic SL3 × SR3
symmetry dictates only one non-zero eigenvalue, m1 = m2 = 0 while m3 6= 0, which nicely
explains why the third-generation fermions have the largest mass. In this context, the small-
ness of the masses of the other fermions, m1,2  m3, may be due to them originating from
perturbative corrections. Starting with democratic mass matrices for the quarks and charged
leptons, and a diagonal Majorana neutrino mass matrix, we have VCKM = I and VPMNS = V
†
` .
Upon introducing perturbative corrections, the observed fermion masses and mixing angles can
then be explained [17,46]. As global symmetries are not protected against the quantum gravity
effects, the perturbations are naturally anarchical.
Although the SL3 × SR3 model naturally explains m1,2  m3, there is no prediction of m1 
m2. The sequential hierarchy among fermion masses, m1  m2  m3 for the three generations
of charged fermions, might be an indication of sequential breaking of residual symmetries. We
will show that by first breaking SL3 ×SR3 down to SL2 ×SR2 [22,46] and then adding small random
perturbations to break all global flavour symmetries, the observed sequential hierarchies can be
naturally explained. In other words, the residual symmetries can further divide into different
groups or separate at sequential steps. Some attempts have been made to consider different
residual symmetries in both the lepton and quark sectors [15] with each sector containing
unique divisions of residual symmetries. In this paper we provide a sequential division of
residual symmetries common to the charged fermions.
In Section 2, we first show analytically the implications of breaking the democratic residual
symmetry SL3 ×SR3 down to a reduced version of the SL2 ×SR2 residual symmetry. Then in Section
3, we introduce random perturbations to break the remaining SL2 × SR2 residual symmetries to
allow nonzero mass eigenvalues for all fermions and at the same time obtain realistic values
of the CKM and PMNS mixing angles. Section 3.3 discusses the predictions for neutrinoless
double beta decay within our model. Our conclusions are summarized in Section 4.
2 Broken Democracy and Intermediate SL2 × SR2 Residual Symmetry
The democratic mass matrix, dictated by the SL3 × SR3 symmetry, can provide a natural expla-
nation for the large hierarchy between the third generation fermions and their counterparts in
the first two generations. The flavor democracy is realized within the Standard Model through
explicit breaking of the globally continuous O(3)L×O(3)R symmetry by the democratic vacuum
expectation value (VEV) pattern of the triplet scalars 〈φL,R〉 = (1, 1, 1), with the corresponding
Yukawa interaction terms,
y(ψ¯L,iφL,i)(φR,jψR,j) , (1)
for all the charged fermions. The resulting rank-3 democratic mass matrix is generally
parametrised as,
M
(0)
f =
M3f
3
1 1 11 1 1
1 1 1
 , (2)
with M3f denoting the only non-zero eigenvalue M
(0)
f . Since an overall phase can be easily
rotated away and has no physical consequences, we take all matrix elements of Eq. 2 to be
real. The diagonalization of Eq. 2, Mf = VLDfV
†
R, involves two mixing matrices, VL and
VR for the left- and right-handed fermions, respectively; where V
†
R = VL as the mass matrix
is symmetric. In general, since the physical CKM and PMNS mixing matrices are only for
left-handed fermions, diagonalizing MfM
†
f = VLD
2
fV
†
L instead can drop out VR, leaving only
VL. For the democratic mass matrix, Eq. 2, one possibility of the mixing matrix VL is,
V †L =
1 1√
3
−2√
6
2√
6
1√
3
 1√2 −1√21√
2
1√
2
1
 =
 1√2 −1√2 01√
6
1√
6
−2√
6
1√
3
1√
3
1√
3
 . (3)
In the standard parametrisation of the CKM and PMNS matrices,
P
1 c23 s23
−s23 c23
 c13 s13e−iδD1
−s13eiδD c13
 c12 s12−s12 c12
1
Q , (4)
where δD is the Dirac CP phase while P ≡ diag{eiα1 , eiα2 , eiα3} and Q ≡ diag{eiφ1 , eiφ2 , eiφ3}
are rephasing matrices, the mixing angles take the values,
θf13 = 0
◦, θf12 = 45
◦, and θf23 = 54.7
◦ , (5)
together with P = Q = {1,−1, 1}. Thus, the democratic flavor structure induces large θf12 and
θf23 mixing angles as observed in the PMNS matrix. Correspondingly, the three mass eigenvalues
are m1 = m2 = 0 and m3 = M3f . Note that the mixing matrix in Eq. 3 is not unique due to
the two-fold degeneracy between m1 and m2. A 2×2 mixing among the degenerate eigenstates
modifies all the mixing angles and the Dirac CP phase, but leaves a unique correlation among
them, as elaborated in Section 2 of [17]. The mixing pattern in Eq. 3 applies to all charged
fermions, naturally leading to zero 1-3 and 2-3 mixings in the quark sector.
To obtain non-zero 1-3 and 2-3 quark mixings as well as non-zero fermion masses for the
first two generations, additional contributions are necessary. Since the masses of the first two
generations are also hierarchical, they might have different origins. In other words, it is more
appropriate to first allow one of them to be non-zero while keeping the other one zero. A natural
realization of this is breaking the democratic SL3 ×SR3 symmetry to a smaller democratic SL2 ×SR2
symmetry under which the mass matrix in Eq. 2 receives the following correction term,
M
(1)
f = M3f × bfeiβf
1 1 01 1 0
0 0 0
 , (6)
where βf is an overall random phase. As this is a perturbation to the leading order democratic
mass matrix in Eq. 2, the real parameter bf should be smaller than
1
3
. This rank-2 democratic
perturbation can naturally arise from a yukawa interaction term containing the two triplet
scalars φ′L,R,
y′(ψ¯L,iφ′L,i)(φ
′
R,jψR,j) , (7)
in the same way as in Eq. 1 via a rank-2 democratic VEV 〈φ′L,R〉 = (1, 1, 0).
After diagonalization, two non-zero masses appear with the ratio,
m2
m3
=
2bf
3 + 8bf cos βf + 12b2f
≈ 2
3
bf , (8)
where m2 and m3 are the non-zero eigenvalues of the mass matrix M
(0)
f +M
(1)
f . The hierarchy
among m2 and m3 is almost uniquely controlled by bf and slightly by βf if bf is not very small.
The mixing angles can also be derived analytically,
sin2 θf13 = 0, sin
2 θf12 =
1
2
, sin2 θf23 ≈
2
3
(
1 +
4
3
bf cos βf
)
. (9)
When expanded to the linear order, the mixing angles are, θf13 = 0, θ
f
12 = 45
◦, and θf23 ≈
54.7◦ + 2
3
√
2bf cos βf together with P = Q = {1,−1, 1}. In addition to real mixing angles, the
diagonalization matrix also contains a complex rephasing term,
V †f =
1 cos θf23 sin θf23
− sin θf23 cos θf23
1 1
eiφf
 cos θf12 sin θf12− sin θf12 cos θf12
1
 , (10)
where the phase is suppressed by bf , φf ≈ 2bf sin βf . It is interesting to see that the addition of
the SL2 ×SR2 term only perturbs the 2-3 mixing while keeping the 1-2 and 1-3 mixings unaffected.
This leads to very unique features compared to those explored in our previous paper [17].
2.1 Quark Sector
Using the derived analytical equations derived above, in combination with the measured quark
masses, we can estimate the typical sizes of the bf parameters. For up-type quarks, bu ≈
3mc/2mt = 0.0056 (with mc(MZ) = 0.638 GeV and mt(MZ) = 172.1 GeV) while for down-
type quarks, bd ≈ 3ms/2mb = 0.03 (with ms(MZ) = 57 MeV and mb(MZ) = 2.86 GeV); each
considering the central values at the MZ scale [47].
The mixing pattern in Eq. 10 applies for both up- and down-type quarks. Combining the up
and down quark mixings, Vu and Vd, the predicted CKM matrix is dominated by 2-3 mixing,
VCKM ≡ V †uVd =
1 0 00 cos θCKM23 sin θCKM23
0 − sin θCKM23 cos θCKM23
 , (11)
where ∣∣θCKM23 ∣∣ ≈ 2√23
√
b2u − 2bubd cos(βu − βd) + b2d . (12)
The 2-3 mixing angle varies in the range
∣∣θCKM23 ∣∣ . |bu + bd| ≈ 2.04◦, with this dependent upon
the randomised βu and βd and the mass values of ms and mc considered, with the large uncer-
tainty in the strange quark mass allowing greater maximum values of θCKM23 . Once considering
the constraints from the measured fermion mass ratio, θCKM23 should be of the percentage level
which is exactly what we need to explain the experimental data, θCKM23 = 2.38
◦+0.18
−0.17 . The 1-2
and 1-3 mixing angles will arise from the random perturbations to be discussed in Section 3.
2.2 Neutrino Sector
While the 2-3 mixing is suppressed in the CKM matrix, it is close to the maximal value in the
PMNS matrix. From the muon and tau masses, mµ = 105.7 MeV and mτ = 1776.86 MeV,
we can estimate the value of b` ≈ 3mµ/2mτ = 0.089, which corresponds to the atmospheric
angle being θa ≡ θ23 ∼ 50.6◦ for βf = pi2 ; given the size of bl the dependence on βl will have an
important contribution. Interestingly, in both the quark and lepton sectors, simply requiring
consistency with the observed mass ratios of the second and third generation quarks and charged
leptons, with an SL2 × SR2 symmetry, leads to predictions for the CKM and PMNS θ23 mixing
angles within the current experimental 3σ ranges. Although, the solar angle θs ≡ θ12 = 45◦
takes the maximal value while the reactor angle θr ≡ θ13 = 0◦ vanishes, both deviating from
their measured values by roughly 10◦ within the lepton sector.
Since the charged lepton mixing already follows the pattern in Eq. 10, at the leading order,
the only thing we can manipulate is the neutrino counterpart. As argued in Section 1, the
neutrino sector may not be subject to the same mass matrix pattern as the charged fermion
sectors because neutrinos can be Majorana type fermions and can obtain their masses from the
seesaw mechanism. In the presence of only left-handed neutrinos, the neutrino mass matrix
does not follow the democratic SL3 × SR3 symmetry but a more restrictive SL3 (×SL3 ) symmetry
from both sides. Then, we have two SL3 invariants,
Mν =
a 0 00 a 0
0 0 a
 or
0 b bb 0 b
b b 0
 . (13)
While the first term of Eq. 13 has no effect on the PMNS mixing, the second is actually
equivalent to Eq. 2 for determining the mixing pattern. To obtain a different mixing pattern
than that of the charged fermions, no appearance of the second form of Eq. 13 can be allowed.
In addition, the latest global fit and cosmological constraints point to the neutrinos exhibiting
a normal hierarchy (NH) and small mass scales. The first of Eq. 13 unfortunately dictates
a degenerate mass hierarchy. So both forms in Eq. 13 should be forbidden. This provides
another reason why the SL3 × SR3 symmetries must be broken, in addition to the fermion mass
hierarchy argument. To alleviate the issues caused by these two terms, we impose a discrete
Z4 symmetry under which the left handed and right handed neutrinos have charge +1 and −1
respectively, while φ and φ′ are neutral. This forbids neutrino mass terms of the form present
in Eq. (13) to be generated by the scalars φ and φ′.
Regardless of the ultraviolet (UV) completion, neutrinos receive their mass term from the
Weinberg-Yanagida operator [48, 49],
y′′ (ψL,iφ′′i )
(
φ′′jψL,j
)
HH , (14)
where we have introduced the scalar φ′′i which carries Z4 charge +1, such that the term is Z4
symmetric. To achieve this, the fields ψL and φ
′′ transform as ψL → iψL and φ′′ → iφ′′ under
the imposed Z4 symmetry, while all other fields are invariant. When φ′′ develops the VEV
structure 〈φ′′〉 ∝ (0, 0, 1), the Majorana neutrino mass matrix becomes,
M (0)ν = M3ν
0 0 00 0 0
0 0 1
 , (15)
instead of Eq. 13. This only contains one non-zero mass eigenvalue, with anarchy contributions
to generate the remaining masses, naturally leading to a normal hierarchy.
The degeneracy of the two vanishing mass eigenvalues in Eq. 15 leads to arbitrary 1-2
rotations. Consequently, the PMNS matrix becomes,
VPMNS =
1 c`23 s`23
−s`23 c`23
 c`12 s`12−s`12 c`12
1
 cT −sT eiφsT e−iφ cT
1
eiα1 eiα2
eiα¯3
 , (16)
where the φ` in Eq. 10 has been combined into α¯3 ≡ α3 + φ`. In the presence of these extra
degrees of freedom, the solar angle can easily adjust while the atmospheric and reactor angles
remain unaffected. The value of the extra mixing angle θT and CP phase φ are subject to the
random perturbations that we will elaborate on in Section 3.
3 Random Perturbations
After breaking democracy with SL2×SR2 perturbations, the first generation charged fermions still
remain massless and hence extra contributions are required. To do this we introduce additional
small anarchy perturbations to each of the fermionic mass matrices. Given the mass hierarchies
within the fermion sector, for these perturbations to explain the light fermion masses they must
be small relative to M (0) and M (1). The anarchy perturbations we introduce are of the following
form,
M
(2)
f = M3f
˜f11 ˜f12 ˜f13˜f21 ˜f22 ˜f23
˜f31 ˜
f
32 ˜
f
33
 (17)
where ˜fij = 
f
ije
iαfij with the random values taken within the ranges fij ∈ [0, fmax] and αfij ∈
[0, 2pi]. This contribution violates the global flavour symmetries within the model, and may
have its origin in quantum gravity effects. Combining this with M (0) and M (1) we arrive at the
full mass matrix for the charged fermions,
Mf
M3f
=
1
3
1 1 11 1 1
1 1 1

︸ ︷︷ ︸
SL3×SR3
+ eiβf
bf bf 0bf bf 0
0 0 0

︸ ︷︷ ︸
SL2×SR2
+
˜f11 ˜f12 ˜f13˜f21 ˜f22 ˜f23
˜f31 ˜
f
32 ˜
f
33

︸ ︷︷ ︸
Anarchy
(18)
where we have indicated the symmetry properties of each contribution. From here we consider
the mixing angle predictions in both the lepton and quark sectors when requiring consistency
of mass predictions with experimental observation. The analytical result in Eq. (8) shall be
utilised to obtain a relation between bf and βf to fix the correct second generation fermion
masses, namely,
bf =
1
12r0f
(1− 4r0f cos(βf ))
1−
√√√√1−( 6r0f
1− 4r0f cos(βf )
)2 (19)
where r0f is the initial mass ratio of the second and first generation fermions prior to the
introduction of anarchy perturbations.
3.1 Lepton Sector
The PMNS matrix is constructed from the charged lepton and neutrino mixing matrices as
follows, VPMNS = V
†
` Vν . Given the observation of large mixing angles within the PMNS matrix
the two leptonic mixing matrices must exhibit different mixing patterns, and hence forms of
their mass matrices; unlike in the quark sector. In the following analysis we shall identify the
charged lepton matrix Ml with that given in Eq. (18), and consider Majorana type neutrinos.
The initial neutrino mass matrix does not contain the democratic pattern, and is instead given
by Eq. (15), due to its inherent Z4 symmetry. Without breaking the SL2 × SL2 symmetry in
the neutrino mass matrix, the neutrino mass difference ∆m221 remains zero, and thus anarchy
perturbations are introduced in an analogous way to the charged fermions. The neutrino mass
(a) (b)
(c)
Figure 1: Masses of the (a) electron and (b) muon in units of the tau mass, and (c) ratio of the neutrino mass
differences. The blue regions indicate the mass ranges consistent with experiment within 3σ [50]. The input
parameters for this case are r0l = 0.05925, 
l
max = 0.0007, and 
ν
max = 0.28, with the angle βl randomly selected
within the range [0, 2pi].
matrix is given by,
Mν
M3ν
=
0 0 00 0 0
0 0 1

︸ ︷︷ ︸
SL2×SL2
+
˜ν11 ˜ν12 ˜ν13˜ν12 ˜ν22 ˜ν23
˜ν13 ˜
ν
23 ˜
ν
33

︸ ︷︷ ︸
Anarchy
(20)
where the anarchy perturbations introduced here are symmetric due to the Majorana nature
of the neutrinos. The anarchy perturbations violate all the global symmetries of the model,
including the Z4 symmetry. Fixing the maximum of the range of the anarchy perturbations νmax
determines the ratio of the two mass differences ∆m221 and ∆m
2
31 and hence can be constrained
by observation. The value of νmax also plays a key role in the predicted mixing angles of the
PMNS matrix, as the anarchy perturbations are the sole contribution to θr and lead to smearing
of θa and θs around the central value predicted by the SL2 ×SR2 symmetry in the charged lepton
sector. It should be noted that the maximum magnitude of the anarchy terms introduced to
the neutrino sector appear relatively large compared with those for the charged fermions. This
is to be expected, due to the suppression of the equivalent leading S3 symmetry term being
disallowed by the Z4 symmetry.
Given that the masses of the charged leptons are well measured, the input parameters of
the mass matrix are strongly constrained. The muon mass is negligibly effected by the anarchy
perturbations, due to the smallness of the electron mass, but this is sufficient to shift the
mass out of the current 3σ range. Despite this it should be noted that the mixing angles
(a) (b)
(c) (d)
Figure 2: Predicted mixing angles θr, θa, θs, and δCP phase in the lepton sector, for the mass distributions
given in Fig. 1, where (θa, θr, θs) = (θ23, θ13, θ12). The blue regions indicate the angle ranges consistent with
experiment within 3σ [50]. Note, the 3σ constraints on the δCP phase have not been included.
are effectively independent of the electron mass, due to the small magnitude of the anarchy
perturbations relative to the SL2 × SR2 terms.
We shall fix the size of the SL2 × SR2 and anarchy perturbations such that the predicted
ranges of the charged lepton and neutrino masses are consistent with experiment. This is
depicted in Fig. 1. The charged lepton anarchy perturbations determine the electron mass
distribution, with the highest likelihood mass approximately consistent with the observed me
for lmax = 0.0007. In the neutrino sector, the anarchy perturbations determine the mass
differences ∆m221 and ∆m
2
31. In order to test consistency with observation we consider the ratio
of the two measured mass differences,
∆m221
∆m231
, and find compatibility between observation and
the highest likelihood mass difference ratio when considering νmax = 0.28. Now that the mass
matrices are fully determined we can calculate the associated predictions of the PMNS mixing
angles. The mixing angle predictions are presented in Fig. 2, with current 3σ constraints.
The PMNS mixing angle predictions obtained are found to be able to accommodate current
experimental constraints. The most experimentally constrained of the three mixing angles
θr angle is sourced only by the neutrino anarchy perturbations. Interestingly, within this
framework the predicted θr peaks near the observed value when fixing the neutrino mass ratio,
and hence maximum range of the anarchy perturbations fmax, to the experimental value. The
effect of the anarchy perturbations on the θa and θs predictions is to produce broad distributions
centred around the mixing angles predicted in Eq. (9), which are able to accommodate the
observed mixing parameters. No preference for δCP is observed in either case.
(a) (b)
(c) (d)
Figure 3: Masses of the (a) up and (b) charm quarks in units of the top quark mass, and of the (c) down and (d)
strange quarks in units of the bottom quark mass, considered at the MZ scale [47]. The blue regions indicate
the mass ranges consistent with experiment within 3σ [50]. The input parameters for this case are r0c = 0.0037,
umax = 0.000012, r
0
d = 0.026, and 
d
max = 0.01, with βu and βd individually randomised in the range [0, 2pi].
3.2 Quark Sector
We shall now investigate the model predictions for the CKM matrix, which is constructed from
the quark mixing matrices through VCKM = V
†
uVd. In what follows, the up and down quark
sectors will both have mass matrix patterns of the form given in Eq. (18). The SL2 × SR2
contributions to the mass matrices determine the masses of the charm and strange quarks, and
will be fixed by the relation given in Eq. (19). The width of the distributions of the second
generation quark masses is determined by the size of the anarchy perturbations. The anarchy
perturbations also introduce the first generation quark masses and provide the sole contributions
to the CKM mixing angles θ13 and θ12. The predicted quark masses are presented in Fig. 3,
where we consider the measured quark masses within 3σ evaluated at the MZ scale.
Interestingly, upon inspecting the mass ratios of the first generation fermions in both the
quark and lepton sector, it is found that the peak likelihood approximately satisfies
mf1
mf3
∼
0.4fmax. Unlike the second generation quarks, the mass distributions of the first generation
quarks are very broad due to the number of variables within the anarchy perturbations. The
down quark mass has been allowed freedom in the choice of its mass, as the down sector is
the dominant source of the mixing in the CKM matrix in this scenario, which is due to the
its weakened hierarchy compared to the up sector. The central value of the mass ratio of the
strange and bottom quarks has also been chosen at approximately 1σ from the experimental
central value to give improved consistency in the CKM mixing angle θ23 prediction.
(a) (b)
(c) (d)
Figure 4: Predicted mixing angles θ13, θ23, θ12, CP phase , respectively, in the quark sector, for the mass
distributions given in Fig. 3. The blue regions indicate the mixing angle ranges consistent with experiment
within 3σ [50].
The stronger mass hierarchy present in the up sector relative to the down sector, means
that the dominant source of the θ12 and θ13 mixing angles shall be induced by the properties
of the down sector. The preferred values of the mixing angles θ12 and θ13 are dependent on
the maximum size of the anarchy perturbations dmax. If it is assumed that the preferred down
quark mass coincides with the experimental central value, it is found that the predicted θ12 and
θ13 mixing angles are too small. If instead, the allowed magnitude of the random perturbations,
d, is increased, the observed mixing angles can be recovered, as depicted in Fig. 4. In this
scenario, where d = 0.01, the down quark mass distribution preferences values larger than those
within observational errors. Although this might seem like an issue, upon taking only mass
values within this distribution that are consistent with observation, we find no change in the
predicted angle distributions. Thus, the mixing angle predictions are not strongly dependent
on what down quark masses are sourced from the mass distribution, rather they are dependent
on the value of dmax. This indicates that selecting for the experimentally allowed range of the
down quark mass is in effect selecting for the pattern of anarchy perturbations for a small
contribution to md while not applying constraints on other elements within the perturbation
matrix that effect the mixing angles. It has recently been suggested that QCD instanton effects
may impact the masses of the light quark states, and as such there could be larger uncertainty
in the mass of the up and down quarks than currently considered [51]. If so, this may reconcile
the discrepancy between the preferred down quark mass with observation. In the case of the
up quark, it’s effects are not dominant in regards to the mixing angles so alterations to the
allowed mass range should be easily accommodated.
It should be noted that, if the down sector anarchy perturbations exhibit an S2 × S2 like
structure, with the first 2 by 2 entries suppressed, it is possible to alleviate the tension of
the down quark mass between experiment and prediction. Interestingly, the consistency of the
CKM mixing angles with observation is simultaneously maintained. This serves to illustrate the
patterns of down sector anarchy perturbations that lead to experimentally consistent results,
even when considering an enlarged value of dmax.
3.3 Neutrinoless Double Beta Decay
Neutrinoless double beta decay is a predicted experimental feature of models containing Majo-
rana neutrinos which may be testable in the near future. Theories that provide unique predic-
tions may be differentiated or ruled out by increased experimental precision of the measurement
of this process. To determine the possibility for observability of this phenomena in our model
we consider only those points in Fig. 1 that replicate the observed neutrino mass difference
ratio
∆m221
∆m231
, θr, and θs within the 3σ constraints. The predicted effective Majorana mass mββ
is depicted in Fig. 5. Note, the predicted distribution is found to be mostly unchanged by
additionally applying constraints on θr.
Figure 5: Neutrinoless double beta decay predictions, where only points consistent with the observed neutrino
mass difference ratio
∆m221
∆m231
, θr, and θs within 3σ are selected. The mass of m3 is fixed as m3 ∼
√
∆m231 ∼ 0.05
eV, and all points are found to lie within the general case expectations.
Interestingly, we find that there is preference for values of mββ ∼ 0.1 − 0.2 · m3, which is
within reach of future detectors when considering m3 ∼
√
∆m231 ∼ 0.05 eV. The potential
observability of neutrinoless double beta decay in this model is enhanced due to the large
values of m1 and m2 compared to m3 that result from the maximum magnitude of the anarchy
terms not being suppressed relative to the S3 symmetric terms which are disallowed by the Z4
symmetry. Thus, measurement of neutrinoless double beta decay within this region could be a
crucial test of this model.
4 Conclusions
The democratic flavor mixing pattern is an intriguing possibility for explaining the observed
fermionic mass mixing structure in the standard model, due to the inherent mass hierarchy it
exhibits and large mixing angles. Although it fails to correctly predict the mixing angles and
light fermion masses, broken democracy may be a viable candidate. We have introduced both
subleading SL2 ×SR2 symmetric perturbations and anarchy perturbations to the democratic mass
matrix to possibly resolve these issues. The SL2 × SR2 perturbations contribute predominantly
to the second generation fermion masses, and are essentially fixed in size by Eq. (8), while the
anarchy perturbations are responsible for generating the light fermion masses. The analytical
predictions exhibit interesting relations between the mixing angles and the second and third
generation fermion mass ratios. Upon introducing anarchy perturbations and requiring the
replication of the experimentally observed masses the PMNS mixing angles are found to be
consistent with experiment, within 3σ. This is made possible by the presence of the Z4 symme-
try in the neutrino sector naturally leads to large anarchy perturbations relative to the quarks
and charged leptons through forbidding the leading S3 symmetric terms. In the quark sector,
the predicted CKM mixing angles are not within the current 3σ bounds, when considering he
central value of the measured quark masses. Upon giving freedom to the preferred down quark
mass the observed mixing angles can be recovered. In this case, mixing angle predictions are
independent of the choice of down quark mass and instead are dependent on dmax. Consider-
ing the simple form of the mixing matrices and the minimal constraints assumed, namely the
fermion masses, the consistency of the model predictions with the observed CKM and PMNS
mixing angles is an intriguing result. The predictions for neutrinoless double beta decay also
provide an interesting test of this model.
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